In terms of the five-dimensional Kaluza-Klein theory we study the time-dependent behaviour of a massless scalar field near the event horizon. It is shown that as a result of the nonlinear effect the scalar field increases with time. Consequently the extra dimension becomes fully visible. Some implications of this process are briefly discussed. § 1. Introduction
The Kaluza-Klein idea regarding the unification of gravitation and gauge theory has attracted much attention recently. This unified theory relies on the presence of compact extra dimensions in space-time. If the assumption of global compactification is relaxed, one can treat the size of the extra space as a local quantity dependent on ordinary four-dimensional coordinates, which has the four-dimensional interpretation of a massless scalar field.
There are many studies on Einstein-scalar theories in four dimensions. An interesting point is that the effect of a massless scalar field can drastically change the structure of static metrics with spherical symmetry. I) Even the introduction of a minimum amount of scalar charge is sufficient for obstructing the existence of the Schwarzschild horizon. For the Brans-Dicke theory Hawking 2 ) gave a general proof that any stationary black hole cannot be coupled to the scalar field.
How does the Kaluza-Klein scalar field obeying the higher-dimensional Einstein equations interact with the gravitational field? Several works 3 ) have been devoted to the explicit construction of the static solutions with spherical symmetry in ordinary threedimensional space. Here we consider the line element of the form
Because we are not interested in an electromagnetic contribution, the extra off-diagonal parts (~dt dya) have been omitted. (The off-diagonal components h ta may be included in the line element. Then the higher-dimensional Einstein equations admit a new class of electrically charged black-hole solutions, different from the Reissner-Nordstrom solution. The interaction between black hole and scalar field is induced through the electric charge.) The metric tensor hap of compact extra space is chosen to satisfy the condition of Ricci flatness. Some investigations 4 ) concerning the behaviour of the static scalar field In R( r) and the structure of the four-dimensional space-time have classified the solutions into the following classes. 1. Black-hole solution: Only the Schwarzschild solution belongs to this class and the radius R(r) of compact space is constant everywhere (i.e., no scalar field). II. Wormhole solutions: The metric has two asymptotically flat regions.
III. Singular solutions:
The metric has a naked singularity at the origin r=O. This class is interesting from the Kaluza·Klein point of view, because the radius R( r) becomes infinitely large at r=O. The existence of extra space will be detectable from some physical processes near massive objects collapsing to a very small size.
Unfortunately this mechanism of local compactification is unlikely to work effectively. It has been shown for the five-dimensional case that the static solutions of class III are unstable for spherically symmetric, time-dependent perturbations of the scalar field. 5) This linear theory of perturbed scalar waves reduces to a one-dimensional Schr5dinger equation with a potential term representing the influence of the background gravitational field. The potential has a deep well near the origin r=O, in which scalar waves can be trapped. The amplitude increases with time. Even if the exterior field of a massive object is initially given by a scalar-charged solution of class III, any gravitational collapse will generate a large disturbance due to the growing scalar waves. Then the structure of the exterior field. will be crucially changed as the collapse goes on.
What is the final state of the scalar-field-modified collapse? In this paper we adhere to Penrose's hypothesis of cosmic censorship, and assume that during the gravitational collapse an event horizon is formed under the influence of a large disturbance of timedependent scalar field. One could expect that the scalar field dies away by turning into outgoing or ingoing waves propagating toward a distant region or inside the horizon. Then the collapse will finally settle down to a static Schwarzschild black hole. A linear analysis of scalar perturbations for the Schwarzschild metric 6 ) supports the falloff of the scalar field. However our concern here is the scalar disturbance WIth a large amplitude. We consider a time-dependent nonlinear behaviour of the scalar field coupled to the black-hole gravity.
We treat only the five-dimensional Einstein theory, because it will not miss any essential point of the problem. We derive the five-dimensional metric tensor which describes the exterior field of a collapsing object. Even if the condition of spherical symmetry is preserved, it is difficult to solve analytically the full nonlinear equations. Therefore our study is limited to the space-time region near the event horizon. We find in § 2 an approximate form of the metric tensor suitable for this restricted region. By virtue of this approximation it can be shown in § 3 that the time-dependent scalar field continues to be developed near the horizon and the Schwarzschild black hole is always disturbed. The final section contains some discussion on the obtained results. § 2. Metric tensor near the horizon
We consider a five-dimensional metric depending on the time coordinate. By virtue of the spherical symmetry in ordinary three-space dimensions we need not introduce any new components into the static line element given by Eq. (1), i.e., (2) The metric coefficients A, B, ([J are determined from the vacuum five-dimensional Einstein equations
Black Holes Coupled to Time-Dependent Scalar Fields which become
The comma denotes ordinary differentiation with respect to the index subsequent to it. The last equation is equivalent to the field equation for a massless scalar in four dimensions,
Although the Einstein equations (3) yield two additional equations, they are compatible with Eqs. (4a) ~ (4c) and can be written as
A,tt/A -(A,I)2/2A2-A,IB,j 2AB = (B/ A) [B,rr/B-(B,r)2/2B 2 -A,rB,r/2AB+ r-1{B,r/B-A,r/ A -2 (J),r/(J))] .
(6b)
These equations are too complicated to construct an explicit solution which represents the exterior gravitational field of a black hole disturbed by the massless scalar. We focus our attention on the behaviour of the fields at the event horizon. However this approach meets with a difficulty. One will assume the location of the event horizon in space-time and give some approximate forms of the functions A, Band (J) near the horizon. Then any choice of the location of the horizon should be consistently made with Eqs. (4) and (6). This is not a trivial problem. Fortunately the field equations admit the asymptotic expansions of the solution as This relation breaks down for the terms of the next order, i.e., (10) so at any region distant from the horizon v and u lose the interpretation of null coordinates.
The 
Now our remaining task is to solve the simple equations (11) and (12). The integration of Eq. (11) is very easy and leads to the result
where y is an arbitrary constant. Substituting Eq. (13) into Eq. (12), we obtain the solution if;o(v):
where c is a value of if;o at v->-co. From Eqs. 
(16)
If we consider the exterior region of a collapsing object, v is larger than some finite value
Vo, so the large disturbances are always generated after the formation of the horizon. (in r< 0: Both CPo and ao decrease monotonously as v increases. In this case the size of the fifth dimension shrinks to zero at v~ +00 as follows:
Simultaneously the four-dimensional metric suffers a serious influence from the scalar field, i.e., (20) for v~ +00. This implies that the metric evolves towards a singular structure at the horizon.
In both cases the amplitude lIn CPol of the massless-scalar disturbance finally tends to a linear increase with re~pect to v. The static solution (ao = 1 and cpo = c at all times)
corresponding to the limiting case r~ ±oo is isolated from any other solutions. Unless the generation of the scalar disturbance at the horizon is completely suppressed from the onset of collapse,no static Schwarzschild black hole will be formed. We expect in. general, to observe the scalar field growing around a black hole. For Case (ii) this expectation will be premature. The fifth dimension becomes immediately too small to treat the process classically. Some quantum effects should interfere with the subsequent contraction of the extra space. Then we must investigate the Einstein equations with the terms representing quantum corrections. § 4. Discussion
We have shown that the continuous development of the initial disturbances is inevitable near the event horizon. This is an interesting suggestion that black holes play the role of windows to the extra dimensions. 4 ) However the results obtained here are insufficient to understand clearly the physical aspect of this process. We have no information about the global structure of space-time, so only some conjecture is possible from the property of the static metrics: It is certain that static black holes can contain no scalar charge. A suitable choice of the initial data may lead to a gravitational collapse towards-the formation of a black hole such that some amount of scalar charge is trapped inside the event horizon. This scalar charge should continue to excite non-static fields outside the horizon.
The above-mentioned role of scalar charge cannot be understood within the scope of the usual scalar-perturbation theory6) for the Schwarzschild metric. In fact the linear theory is concerned only to solve the scalar-field equation (5) by taking the Schwarzschild metric as the background field gab. The non-perturvative effect of scalar charge is completely ignored. Consequently we obtain the linear equation On the other hand, our nonlinear treatment of the time· dependent scalar field arrives at Eqs. (11) and (12) in addition to Eq. (21). These stringent constraints to the function ([J ( v) are due to the asymptotic expansions (7) of the metric coefficients. There may exist another form of the asymptotic expansions which can give a different location of the event horizon in space·time. The new choice of the expansions may be corresponding to the situation that the horizon is formed only after all the scalar charge is radiated away. Then there is no source of maintaining the non· static scalar field near the horizon, so we will be able to find the result in accordance with the linear theory. It is important to check the general validity: of Eq. (7). This point is left to further investigations.
Finally we give a remark on the conformal transformation of the five· dimensional metric tensor g!'v as7) (22) From the conformally rescaled metric tensor if ab( = ([Jgab) we obtain the action containing the exact four-dimensional Einstein Lagrangian instead of the Brans-Dicke like Lagrangian. In this sense we may regard fj ab rather than gab as the physical four-dimensional space-time metric. Fortunately any conformal transformation does not change the causal structure of space-time. If the asymptotic form (7) is justified for gab, the "physical" space-time with fj ab also has the event horizon located at r = A. We find no serious modification concerning the behaviour of the disturbances at the horizon which are redefined as iioC==-cpoao) and (JoC==-CPo3), except that for Case (i) the metric disturbance iio becomes infinitely large when v--> +00 (see Eqs. (17) and (18)). An important modification due to this transformation is that we must regard 4JrCPoA 2 as the area of the horizon. Then Case (ii) violates the area law of black hole mechanics and may represent a classical analogue of some quantum process for evaporation of a black hole.
